In this paper we consider spherically symmetric interior spacetimes filled by anisotropic fluids in the context of Hořava gravity and Einstein-aether theory. We assume a specific non-static configuration of the aether vector field and show that the field equations admit a family of exact analytical solutions which can be obtained if one of the two metric coefficients is assigned. We study as an illustrative example the case in which the metric of the interior spacetime reproduces the Newtonian potential of a fluid sphere with constant density.
I. INTRODUCTION
Hořava gravity was proposed in 2009 as a power-counting renormalizable theory of quantum gravity [1, 2] . In the past years much work has been done to show that the theory is renormalizable [3] [4] [5] [6] beyond the power-counting arguments [7] [8] [9] [10] [11] [12] . Hořava gravity has also been severely constrained by means of some tests at both astrophysical [13] [14] [15] and cosmological scales [16, 17] , and it passes all of them with flying colors. Moreover it is also consistent with the constraint on the speed of propagation of gravitational waves coming from the near-simultaneous temporal and spatial observation of the gravitational-wave event GW170817 and the gamma-ray burst GRB 170817A [18, 19] . The theory breaks Lorentz invariance at any energy scale since a preferred direction is naturally encoded in its formulation. This locally amounts to have a timelike hypersurface-orthogonal aether vector field which is defined in each point of the spacetime. If one considers the low-energy limit of Hořava gravity in a covariant form, the latter results to be equivalent to Einstein-aether theory [20] once the aether vector is taken to be hypersurface-orthogonal at the level of the action [21] . In spherical symmetry any vector is automatically hypersurface-orthogonal, then by virtue of this fact it can be shown that the two theories share the same solutions in such a background [22] . Because of the intrinsic highly non-linear structure of the field equations, only few analytical and numerical solutions are known both in vacuum [23] [24] [25] [26] [27] [28] and inside matter [29] [30] [31] [32] . Thus it is really necessary to put more effort in this direction, since many of the phenomenological implications of the theory are still unknown, even in highly symmetric spacetimes. For this purpose in the present manuscript we consider spherically symmetric interior spacetimes filled by anisotropic fluids [33] [34] [35] in the context of the low-energy limit of Hořava gravity. The approach that we undertake here is similar to the one used in Refs. [31, 32] in which the equation of state of the inner fluid is left unspecified, but after that a viable solution has been found, it can be instead reconstructed a posteriori by using the same method exploited in Ref. [32] . This approach generically looks more realistic since, despite all the work that has been done until now, we still lack a proper modeling of the interior spacetime of relativistic objects (see Ref. [36] and references therein). Then it seems appropriate to leave unspecified the equation of state relating the thermodynamical quantities, whose study is anyhow out of the scope of the present paper. In Refs. [31, 32] this kind of setting has already been studied but in the more restricted case of a static aether, which means that the aether vector is aligned with the timelike Killing vector and then has only one non-vanishing component. Here we consider instead a more general ansatz and the aether vector field has indeed two non-trivial components. We derive the corresponding field equations and find a strategy to analytically solve them by means of some choice of the aether components and an appropriate redefinition of variables. In this framework we show that the field equations admit a family of infinite exact analytical solutions, characterized by choosing arbitrarily one of the metric coefficients of the spherically symmetric interior spacetime.
In Sec. II we present the gravitational action and the field equations of Hořava gravity and discuss the equivalence of its low-energy limit to Einstein-aether theory when the aether is chosen to be hypersurface-orthogonal at the level of the action. In Sec. III we introduce the spherically symmetric background metric, the corresponding aether vector field, and the stress-energy tensor suitable for the anisotropic fluid description. In Sec. IV we write down explicitly the system of the independent field equations in terms of the metric, the aether components and the thermodynamical quantities. In Sec. V we focus on a specific case in which the interior metric reproduces the Newtonian potential of a fluid sphere with constant density. In Sec. VI the conclusions are drawn.
II. HOŘAVA GRAVITY AND EINSTEIN-AETHER THEORY
The action of Hořava gravity [1, 2] as written in the preferred foliation looks like:
where G H is the effective gravitational coupling constant, g is the determinant of the metric g µν , R is the Ricci scalar of the three-dimensional constant-T hypersurfaces, K ij is the extrinsic curvature and K is its trace, a i = ∂ i lnN where N is the lapse function and S m is the matter action for the matter fields collectively denoted by ψ. The couplings {λ, ξ, η} are dimensionless and General Relativity (GR) is identically recovered when they take the values {1, 1, 0}, respectively. Finally, L 4 and L 6 collectively denote the fourth-order and sixth-order operators that make the theory power-counting renormalizable, and M * is a characteristic mass scale which suppresses them.
In what follows we consider the covariantized version of the low-energy limit of Hořava gravity, named the khronometric model, that is obtained by discarding the higher-order operators in L 4 and L 6 . In order to write it in a covariant form let us consider the action of Einstein-aether theory [20] , that is:
where G ae is the "bare" gravitational constant, R is the four-dimensional Ricci scalar, u a is a timelike vector field of unit norm, i.e. g µν u µ u ν = 1, from now on referred to as the "aether", and
with M αβ µν defined as
where c i 's are dimensionless coupling constants. Then, one can take the aether vector to be hypersurface-orthogonal at the level of the action, which locally amounts to choose
where in the covariant formulation the preferred time T becomes a scalar field (the khronon) which defines the preferred foliation. Finally, the two actions in Eqs.
(1) and (2) are shown to be equivalent if the parameters of the two respective theories are mapped into each other as [21] :
where
In what follows we consider the covariant formulation of Hořava gravity in order to perform the calculations.
The variation of the action in Eq. (2) with respect to g αβ and T yields respectively [15] 
where G αβ = R αβ − Rg αβ /2 is the Einstein tensor,
is the khronon stress-energy tensor,
and T m αβ is the matter stress-energy tensor defined as
III. SPHERICALLY SYMMETRIC METRIC, ANISOTROPIC FLUIDS AND A NON-STATIC AETHER
In spherical symmetry the most general metric can be written as:
Moreover, in what follows we will consider the interior spacetime of a fluid sphere filled by an anisotropic fluid whose stress-energy tensor is given by
where ρ is the density, p r and p t are the radial and transversal pressure, respectively, v µ denotes the 4-velocity of the fluid
and s µ is a spacelike 4-vector defined as
satisfying the relations s µ s µ = −1 and s µ u µ = 0. It can be easily shown that the components of the stress-energy tensor can be explicitly written as
The aether vector field, which is by definition a timelike vector of unit norm, in spherical symmetry is always hypersurface-orthogonal and takes the following general form:
The independent field equations that we have to consider are: the modified Einstein equations (0-0), (1-1), (1-2) and (2-2) in Eq. (7), the equation for the scalar field T in Eq. (8), and the conservation equation for the stress-energy tensor of anisotropic matter that is:
The expressions of the field equations are very long and awful, so they are not displayed here. However, through a direct inspection it is quite straightforward to notice that the field equations are considerably simplified by making the choice
, and the aether vector in Eq. (17) then becomes:
Let us stress that, even by implementing this specific assumption, the aether vector field has anyhow two non-trivial components. Then, it is still more general than the aether vector widely used in literature and referred to as "static aether" which is by definition aligned with the timelike Killing vector. The choice of a static aether is just a special case which is included in the more general framework developed here by setting q = 1 in Eq. (19) .
IV. FIELD EQUATIONS
In order to write down the field equations in a more compact form, let us consider the following redefinition of variables:
Then, the (0-0) component of the modified Einstein equations in Eq. (7) becomes
the (1-1) component is
and the (2-2) component is
Moreover the modified Einstein equation (1-2) can be written as
and the Eq. 
and
However, by substituting Eq. (24) and its first derivative in Eqs. (25)- (26), these are identically satisfied. So, we are finally left with only 4 independent field equations, i.e. Eqs. (21)- (22)- (23) and (24) . This means that, assigning one of the two metric coefficients, A(r) or B(r), the other can be obtained by solving the differential Eq. (24), and the thermodinamical variables ρ(r), p r (r) and p t (r) can be read respectively from Eqs. (21)- (22) and (23) . In this way we have obtained a family of infinite exact analytical solutions of the aforementioned system of equations if one of the two metric functions A(r) or B(r) is assigned. Notice that spherically symmetric solutions in Hořava gravity are identical to those of Einstein-aether theory, then our conclusions will hold for both theories all the same [22] .
V. SOLUTION WHICH REPRODUCES THE POTENTIAL FOR A CONSTANT DENSITY FLUID SPHERE
We are now ready to work out the full system of field equations (21)- (24) . Let us notice that Eq. (24) can be generically solved for W (r) which turns out to be
and making A(r) and B(r) explicit the latter becomes:
The equation above can be solved by assigning one of the two metric functions A(r) or B(r). Then the system of field equations is closed and a family of infinite exact and analytical solutions can be found.
As illustrative example let us now choose the behaviour of A(r) in such a way to reproduce the Newtonian potential of a fluid sphere of constant density, i.e. A(r) = a + br 2 , where a and b are arbitrary constants. Moreover, this choice also corresponds to the well known Tolmann IV solution in GR for an isotropic fluid [37] . Substituting in Eq. (28) the expression given above for A(r), we obtain:
This is a first-order ODE that can be easily integrated to give:
where B 0 is an integration constant.
It is now straightforward to get algebraically from Eqs. (21)- (23) the explicit analytical expressions for the thermodynamical quantities ρ(r), p r (r) and p t (r) that are shown below:
The implementation of the junction conditions to the exterior vacuum metric amounts to require that the radial pressure p r (r) vanishes at r =R. Then, p r [R] = 0 results in:
which is solved by
At this stage we set G ae = G N (1 − η/2ξ), where G N is the Newton's constant, which is needed to recover the Newtonian limit [2, 38] . Moreover we also implement the constraint coming from the near-simultaneous observation of the gravitational-wave event GW170817 and the gamma-ray burst GRB 170817A [18] , which consists in setting the speed of propagation of the spin-2 mode to one, i.e. ξ = 1, up to an uncertainty of about 10 −15 [18, 19] . The outcome of such analysis is that the solution worked out above cannot be considered valid in the whole interior spacetime. Indeed it is plagued by a singularity in the centre as the curvature invariants R, R µν R µν and R αβµν R Anyhow this proof shows that in the context of Hořava gravity and Einstein-aether theory with a non-static aether of the form given by Eq. (19), it is not possible to construct a viable solution whose metric coefficient A(r) reproduces the potential of a Newtonian constant density sphere across the whole interior spherically symmetric spacetime. Notice that if the aether is assumed to be static instead such solution exists [31, 32] . One possibility to solve this issue might be to relax the hypothesis made for the function F (r) and then to consider even more general configurations of the aether vector field.
VI. CONCLUSIONS
We have taken into account spherically symmetric interior spacetimes filled by anisotropic fluids in the context of Hořava gravity and Einstein-aether theory. A general setting in which the aether vector field is non-static has been implemented, which means that the aether has two non-trivial components instead that a single one as in the case of a static aether. We have anyhow made some assumption on the component F (r) of the aether by means of which the field equations become analytically solvable. Then we have shown that a family of infinite exact analytical solutions exists when one of the two metric coefficients is assigned. The result is quite remarkable, since these are the first exact and analytical solutions ever found in the context of such theories in presence of anisotropic matter and with a non-static aether. As an illustrative example we have solved the field equations by selecting the metric coefficient A(r) in such a way to reproduce the Newtonian potential for a fluid sphere of constant density, which also coincides with the Tolmann IV solution in GR for an isotropic fluid. Nevertheless, the resulting analytical solution that we have found for the metric coefficients and the thermodynamical quantities is plagued by an unavoidable divergence in the centre. Indeed all the curvature invariants are found to diverge at r = 0. For the sake of simplicity we have displayed only the expression of the scalar curvature R which diverges with a power of r −2 . In the framework of a quantum gravity theory like Hořava gravity, that should also account for strong-gravity effects, the presence of any kind of singularity in the description of astrophysical objects is somehow questionable. Most likely this fact might signal that such kind of solution is not admissible just in the context that we have considered here. So, further investigations are necessary in order to understand if more general configurations of the aether vector field can solve this issue. Moreover an alternative route could be to consider in the gravitational action also the higherorder operators which render the theory power-counting renormalizable. Those extra operators might indeed cure the pathology which plagues the solution in the centre. In both cases one would need to use numerical approaches in order to solve the resulting field equations.
